We discuss the Dirichlet problem for p-harmonic functions on a network. We show that every continuous function on the p-Royden boundary is p-resolutive and that the set of regular boundary points coincides with the p-harmonic boundary. Also we prove that the p-Dirichlet solution is left continuous with respect to p.
Introduction
For 1 < p < 1 the p-Laplacian Á p u of a function u 2 C 1 ðMÞ on a Riemannian manifold M is defined as
A function u is called p-harmonic if Á p u ¼ 0 in M. The p-Dirichlet norm of u is
where dV is the volume element in M. Let BD p be the class of bounded functions with finite p-Dirichlet norms. The p-Royden compactification is a compactification of M to which every function in BD p continuously extends and which is separated by functions in BD p . The p-Royden boundary is the set of points in the p-Royden compactification which are not in M. Let BD p 0 be the class of functions in BD p which are represented as limits of functions in C 1 0 ðMÞ. The p-harmonic boundary is the set of boundary points at which every function in BD p 0 vanishes. Nakai [2] discussed the Dirichlet problem for p-harmonic functions. He showed that every continuous function on the p-Royden boundary is p-resolutive and that the set of regular boundary points coincides with the p-harmonic boundary.
In this paper we treat networks instead of Riemannian manifolds. It is possible to define p-harmonic functions on a network, see §2, and discuss the Dirichlet problem for p-harmonic functions on a network. We show some results on a network similar to Nakai's theorem mentioned above. Namely, after discussing the Royden compactification of a network, we prove Theorems 3.14 and 3.15, which show that every continuous function on the p-Royden boundary is p-resolutive and that the set of regular boundary points coincides with the p-harmonic boundary. Also we prove in §4 that, for each continuous function on the p-Royden boundary, the p-Dirichlet solution is left continuous with respect to p.
Preliminaries
Let ðV; EÞ be an infinite graph, where V is the set of vertices and E is the set of edges. This means that V is a countable set and an element of E is an ordered pair ðx; yÞ of vertices x; y 2 V. If ðx; yÞ 2 E, then we write x $ y. Let @x ¼ fy 2 V; x $ yg and Nx ¼ @x [ fxg:
Throughout this paper we always assume the following:
(i) ðx; yÞ 2 E if ðy; xÞ 2 E; (ii) there is no self-loop, i.e., ðx; xÞ = 2 E for x 2 V; (iii) there is a path from x to y for every distinct pair x; y 2 V, i.e., there is a sequence fx i g l i¼0 of distinct vertices such that x ¼ x 0 $ x 1 $ Á Á Á $ x l ¼ y; (iv) ðV; EÞ is locally finite, i.e., @x is a finite set for each x 2 V.
Let r be a strictly positive function on E and call it a resistance. We assume that rðy; xÞ ¼ rðx; yÞ for each edge ðx; yÞ 2 E. A network is a triplet N ¼ ðV; E; rÞ, where ðV; EÞ is an infinite graph and r is a resistance. 
where sgn is the sign function, i.e., sgn t ¼ 1 if t > 0; sgn 0 ¼ 0; and sgn t ¼ À1 if t < 0. Note that ' p is a strictly increasing function and that ' p ðtÞ ¼ jtj pÀ2 t for t 6 ¼ 0. We define the p-Laplacian Á p u of u 2 LðNxÞ as
' p ðruðx; yÞÞ:
For details see Soardi and Yamasaki [3] .
The Dirichlet Problem
Next lemma shows the Harnack inequality.
Lemma 3.1. Let x 2 V and c x ¼ max y2@x rðx; yÞð P z2@xnf yg rðx; zÞ 1À p Þ qÀ1 , where q is the number with 1=p þ 1=q ¼ 1. (i) If u is p-subharmonic at x and u 0 on Nx, then uðyÞ ! ð1 þ c x ÞuðxÞ for y 2 @x.
(ii) If u is p-superharmonic at x and u ! 0 on Nx, then uðyÞ ð1 þ c x ÞuðxÞ for y 2 @x.
Proof. We shall prove (ii) only. Since Á p uðxÞ 0 and uðzÞ ! 0 for z 2 Nx, we have 
Proof. We shall prove (i) only. Since H We may assume that there is such that u n in Nx for all n. Letũ n be a function such thatũ n ¼ u n in X n fxg and thatũ n is p-harmonic at x. Sinceũ n u n andũ n 2 U p f , it follows that lim n!1ũn ðyÞ ¼ H p f ðyÞ for y 2 Nx. Sinceũ n is p-harmonic at x, Lemma 3.1 (i) shows thatũ n ðyÞ À ! ð1 þ c x Þðũ n ðxÞ À Þ for y 2 @x, which implies H p f ðyÞ > À1. Also we have that H p f is p-harmonic at x. Repeating this argument we have that H p f > À1 and that H p f is p-harmonic everywhere. Ã Lemma 3.7. It is true that s þ t and ' p ðsÞ þ ' p ðtÞ have the same sign for any s; t 2 R.
Proof. Since ' p is a strictly increasing function and ' p ðÀtÞ ¼ À' p ðtÞ, it follows that s ¼ Àt (s > Àt, s < Àt, resp.) implies ' p ðsÞ ¼ À' p ðtÞ (' p ðsÞ > À' p ðtÞ, ' p ðsÞ < À' p ðtÞ, resp.). This means that s þ t and ' p ðsÞ þ ' p ðtÞ have the same sign. Ã Lemma 3.8. Let v 1 ; v 2 2 D p be two p-subharmonic functions which are bounded above. Suppose that
The 
